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We obtain sufficient conditions under which every solution of the nonlinear
delay differential equation
x t s f t , x t y t t , . . . , x t y t t , t G t .  .  . .  .˙  .1 m 0
tends to its equilibrium. Our results have applications to delay differential equa-
tions in mathematical biology. Q 1996 Academic Press, Inc.
1. INTRODUCTION AND PRELIMINARY
Our aim in this paper is to investigate the global attractivity of the
equilibrium of the following quite general nonlinear and nonautonomous
delay differential equation
x t s f t , x t y t t , . . . , x t y t t , t G t , 1.1 .  .  .  . .  .˙  .1 m 0
where the function f and the delays t , t , . . . , t satisfy the following1 2 m
hypotheses:
 . ww .  .m xH f g C t , ` = L, ` , R for some L G y`, and for every1 0
 .t G t , f t, u , . . . , u is nonincreasing in each of its arguments u , . . . , u .0 1 m 1 m
 .  .H There exists an x* ) L such that f t, x*, . . . , x* ' 0 for all2
t G t ;0
 . ww . w .x w  .xH t g C t , ` , 0, ` and lim t y t t s ` for i s 1,3 i 0 t ª` i
2, . . . , m.
 .  .From H we see that x* is an equilibrium of Eq. 1.1 . In the next2
section, we will establish sufficient conditions for x* to be a global
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 .attractor of all solutions of Eq. 1.1 . Our results have applications to delay
differential equations in mathematical biology. For example, they apply to
the delay differential equation
cx t x p t y t t .  . .
x t s r t 1 y , t G 0, 1.2 .  .  .˙ p 51 q x t y t t . .
where
wc, p g 0, ` , r , t g C 0, ` , 0, ` , . ..
1.3 . lim t y t t s `, and for some t 9 ) 0, inf t t G t 9. .  .t ª` t G t0
 .  .When r t ' a, c s bra, and t t ' t for some positive constants a, b,
 .and t , then Eq. 1.2 reduces to
x t x n t y t .  .
x t s a y b , t G 0. 1.4 .  .˙ n1 q x t y t .
 . w xEquation 1.4 was proposed by Mackey and Glass 1977 for studying a
‘‘dynamic disease’’ involving respiratory disorders. A sufficient condition
 .for all positive solutions of Eq. 1.4 to tend to its positive equilibrium has
w x  .been established in 4 . Our result about Eq. 1.2 , when restricted to Eq.
 . w x1.4 , improves the results in 4 .
Our results also apply to the delay differential equation
K y m a N p t y t t . .is1 i i
N˙ t s r t N t , t G 0 1.5 .  .  .  .m p 5K q  s t N t y t t .  . .is1 i i
where
w wK , p g 0, ` , a g 0, ` , t g C 0, ` , 0, ` , .  .. .i i ws g C 0, ` , 0, ` , and lim t y t t s ` for i s 1, 2, . . . ..  ..i t ª` i
1.6 .
 .A special case of Eq. 1.5 is the population model
N t y t t . .
N˙ t s r t N t 1 y , t G 0. 1.7 .  .  .  . 5K
 .Equation 1.7 and extensions of it have been studied extensively. See,
w xfor example, 2 and the references cited therein. In this paper, we im-
prove and extend several known global attractivity results related to this
equation.
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For any T G t , we define0
T s min inf t y t t . 4 . 5y1 i
1FiFm tGT
 . 1ww .  .xBy a solution of Eq. 1.1 we mean a function x g C T , ` , T , ` which
 .satisfies Eq. 1.1 for t G T.
 .With Eq. 1.1 we associate an ‘‘initial condition’’ of the form
x t s f t for T F t F T 1.8 .  .  .y1
ww x  .xwhere f g C T , T , L, ` is a given ‘‘initial function.’’ We assume thaty1
 .  . w .the IVP 1.1 and 1.8 have a unique solution x valid on T , ` ; that is, x is
w .  .continuously differentiable on T , ` , x satisfies 1.8 , and x satisfies Eq.
 .1.1 for t G T. As we will see, many equations satisfy this assumption.
 .2. GLOBAL ATTRACTIVITY OF EQUATION 1.1
 .  .Throughout this paper, we will assume that H ] H hold and set1 3
t t s max t t : 1 F i F m , t G 0. 4 .  .i
The following theorem is the main result in this section.
 .  .THEOREM 1. Assume that x* is the only equilibrium of Eq. 1.1 in L, `
 .and for any m g L, ` with m / x*,
`
f s, m , . . . , m ds s `. 2.1 .  .H
t0
w . xSuppose that there exists a nonincreasing function F g C L, ` , R such that
 .  .the one-sided limit F Lq s lim F x g R exists and satisfies thex ª Lq
inequality
x* q F x* q F Lq ) L. 2.2 .  . .
Suppose also that for t G t0
t
f s, u , . . . , u ds F F u for L - u - x* .  .H
 .tyt t
and
t
f s, u , . . . , u ds G F u for x* - u - `. .  .H
 .tyt t
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Finally, assume that the solution of the IVP
y s x* q F y .nq1 n 2.3 . y s x* q F Lq .0
 .tends to x* as n tends to `. Then e¨ery solution of Eq. 1.1 tends to x* as t
tends to `.
 .Proof. First we show that every solution x t which does not oscillate
 .about x* tends to x*. Assume that eventually x t ) x*. The proof when
 .  .eventually x t - x* is similar and will be omitted. Then from Eq. 1.1 we
see that for t sufficiently large,
x t F f t , x*, . . . , x* s 0 .  .˙
and so
lim x t s l G x* exists and x t G l. .  .
tª`
Hence it follows that for t sufficiently large,
`
l y x t s f s, x s y t s , . . . , x s y t s ds .  .  . .  . .H 1 m
t
`
F f s, l , . . . , l ds .H
t
 .which, in view of 2.1 , implies that l s x*.
 .Next, assume that x t is a solution which oscillates about x*. The proof
of the theorem will be complete once we prove that for any integer q G 0,
 .there exists T q G 0 such that
L - y F x t F y for t G T q . 2.4 .  .  .2 qq1 2 q
 .Since x t oscillates, there is a sequence
t - t - ??? - t - ???0 1 n
such that
lim t s ` and x t s x* for n s 0, 1, . . . . 2.5 .  .n n
nª`
 .  .Let s g t , t be a point where x t obtains its maximum or minimumn n nq1
 .  .  .in t , t . Hence x s s 0 and so it follows from Eq. 1.1 that˙n nq1 n
f s , x s y t s , . . . , x s y t s s 0 .  . .  . .n n 1 n n m n
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which, in view of the nonincreasing property of f , implies that there is a
w  . xpoint j g s y t s , s such thatn n n n
x j s x*, n s 0, 1, . . . . .n
 .Hence by integrating both sides of Eq. 1.1 from j to s we find thatn n
sn
x s y x* s f t , x t y t t , . . . , x t y t t dt .  .  . .  . .Hn 1 m
jn
sn
F f t , Lq , . . . , Lq dt 2.6 .  .H
 .s yt sn n
F F Lq for n s 0, 1, . . . .
and so
x s F x* q F Lq s y for n s 0, 1, . . . . .  .n 0
Since y is independent of the choice of s , it follows that0 n
x t F y for t G t . 2.7 .  .0 0
 .  .In view of H , we see that there exists T ) t such that t y t t G t for3 0 0 0
 .t G T y t T and so0 0
x t y t t F y for t G T y t T . 2.8 .  .  . . 0 0 0
 .Also, it follows from 2.5 that there exists N G T such that0 0
t G T y t T for n G N . .n 0 0 0
 .  .By using 2.8 in 2.6 and by using the nonincreasing nature of f , we see
that
sn
x s y x* G f t , y , . . . , y dt .  .Hn 0 0
jn
G F y for n G N .0 0
and so
x s G x* q F y s y for n G N . .  .n 0 1 0
 .As y is independent of the choice of s and in view of 2.2 , it follows that1 n
x t G y ) L for t G t . 2.9 .  .1 N0
 .  .By combining 2.7 and 2.9 , we see that
L - y F x t F y for t G t . .1 0 N0
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Now assume that there exists a t such thatNk
L - y F x t F y for t G t . 2.10 .  .2 kq1 2 k Nk
Then there exists T X G t such thatk Nk
t y t t G t for t G T X y t T X .  .N k kk
 .and so it follows from 2.10 that
x t y t t G y for t G T X y t T X . 2.11 .  .  . . 2 kq1 k k
Also, there exists N X G T X such thatk k
t G T X y t T X for n G N X . .n k k k
 .  .Hence by using 2.11 in 2.6 , we find
sn
x s y x* F f t , y , . . . , y dt .  .Hn 2 kq1 2 kq1
 .s yt sn n
F F y for n G N X .2 kq1 k
and so
x s F x* q F y s y for n G N X .  .n 2 kq1 2kq1. k
which implies that
x t F y for t G t X . 2.12 .  .2 kq1. Nk
 . XThen from 2.6 and by using the fact that there exist T ) t such thatkq1 Nk
x t y t t F y for t G T y t T .  . . 2 kq1. kq1 kq1
and N G T such thatkq1 kq1
t G T y t T for n G N , .n kq1 kq1 kq1
it follows for n G N thatkq1
sn
x s y x* G f t , y , . . . , y dt .  .Hn 2kq1. 2kq1.
 .s yt sn n
G F y for n G N , .2 kq1 kq1
and so
x s G x* q F y s y for n G N . .  .n 2kq1. 2kq1.q1 kq1
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Hence,
x t G y for t G t . 2.13 .  .2 kq1.q1 Nkq 1
 .  .Now from 2.10 and 2.2 and by using the nonincreasing property of F,
we obtain
y s x* q F y F x* q F Lq .  .2 kq1. 2 kq1
and so
y s x* q F y G x* q F x* q F Lq ) L. 2.14 .  .  . .2 kq1.q1 2kq1.
 .  .  .By combining 2.12 , 2.13 , and 2.14 , we find
L - y F x t F y for t G t , .2 kq1.q1 2kq1. Nkq 1
 .  4and so by induction it follows that 2.4 holds. Since y tends to x* as nn
 .  .tends to `, it follows from 2.4 that x t also tends to x* as t tends to `.
The proof is complete.
 .Now let us consider some special cases of Eq. 1.1 . For the autonomous
differential equation
x t s f x t y t , . . . , x t y t , t G t , 2.15 .  .  .  . .˙ 1 m 0
where t , . . . , t are nonnegative constants, the following result is a1 m
consequence of Theorem 1.
 .COROLLARY 1. Assume that x* is the only equilibrium of Eq. 2.15 in
 .L, ` . Suppose also that a one-sided limit
f Lq s lim f x g R .  .
xªLq
exists and satisfies the inequality
x* q t f x* q t f Lq ) L . .
 4where t s max t : 1 F i F m . Finally, assume that the solution of the IVPi
y s x* q t f y .nq1 n 2.16 . y s x* q t f Lq .0
 .tends to x* as n tends to `. Then e¨ery solution of Eq. 2.15 tends to x* as t
tends to `.
 .  .Proof. Let F u s t f u, . . . , u . Then it is easy to see that all the
hypotheses of Theorem 1 are satisfied and so the proof is complete.
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The following result about differential equation with separable variables
is also a direct consequence of Theorem 1.
COROLLARY 2. Consider the differential equation
m
x t s p t f x t y t t , t G t 2.17 .  .  .  . .˙  . i i i 0
is1
ww . w .x w . xwhere for i s 1, 2, . . . , m, p g C 0, ` , 0, ` ; f g C L, ` , R for somei i
ww . w .x w  .xL G y`; and t g C 0, ` , 0, ` with lim t y t t s `.i t ª` i
Assume that for i s 1, 2, . . . , m,
m ` t
p t dt s ` and P s sup p s ds: t y t t G 0 - `. .  .  . H Hi i i 5 .0 tyt tis1
Suppose that for each i s 1, 2, . . . , m, f is nonincreasing and the one-sidedi
limit
f Lq s lim f x .  .i i
xªLq
exists. Suppose also that there exists a x* ) L such that
m m
x* q P f x* q P f Lq ) L . i i i i /
is1 is1
and for i s 1, 2, . . . , m,
f x* s 0 and f x / 0 for x / x*. .  .i i
Finally, assume that the solution of the IVP
y s x* q m P f y .nq1 is1 i i n 2.18 .m y s x* q  P f Lq .0 is1 i i
 .tends to x* as n tends to `. Then e¨ery solution of Eq. 2.15 tends to x* as t
tends to `.
 .Proof. Clearly, x* is the only equilibrium of Eq. 2.17 . Let
 . m  .  .  . m  .f t, u , . . . , u s  p t f u and F u s  P f u . We see that all1 m is1 i i i is1 i i
the hypotheses of Theorem 1 are satisfied and so the proof is complete.
3. APPLICATIONS
In this section, we apply our results to obtain sufficient conditions for
global attractivity of some delay differential equations.
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First we introduce some lemmas. The first lemma provides a suffi-
 .cient condition for the solution of the form of IVP 2.3 to tend to the
equilibrium.
LEMMA 1. Consider the difference equation
y s h y 3.1 .  .nq1 n
where
1h g C l , ` , l , ` with l G y`. .  .
Assume that y* is the unique fixed point of h and that h is a nonincreasing
function. Suppose also that the one-sided limit
h lq s lim h y g l , ` .  .  .
yª lq
exists and that
h9 y h9 h y - 1 either for l - y - y* or for y* - y - h lq . .  .  . .
 4  .  .Then the solution y of Eq. 3.1 with y s h lq tends to y* as n tendsn 0
to `.
 .Proof. We will assume that for y* - y - h lq ,
h9 y h9 h y - 1. 3.2 .  .  . .
 .The proof when 3.2 holds for l - y - y* is similar and will be omitted.
From the nonincreasing nature of h, it is easy to see that y F y and by2 0
induction
y F y F ??? F y* F ??? F y F y .1 3 2 0
Therefore
h lq G lim y ' u G y* and l - lim y ' ¨ F y*. . 2 n 2 nq1
nª` nª`
 .By taking limits on both sides of Eq. 3.1 , we find that
u s h ¨ and ¨ s h u .  .
and so
u s h h u with u G y*. 3.3 .  . .
We claim that u s y*. To this end, consider the function
l y s y y h h y for y G y* .  . .
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and observe that
l y* s 0 and l9 y s 1 y h9 y h9 h y ) 0 for y ) y*. .  .  .  . .
Then
y ) h h y for y ) y* . .
 .which, in view of 3.3 , implies that u s y*. Then it follows that ¨ s y*
 4also. Hence y tends to y* as n tends to ` and the proof is complete.n
w xThe next lemma which is extracted from 5 will also be useful.
LEMMA 2. Consider the difference equation
1 y zn
z s exp a , n s 0, 1, . . . , 3.4 .nq1  51 q b zn
where
w wa g 0, ` , b g 0, ` , and z g 0, ` . . . .0
 .Then the equilibrium z* s 1 of Eq. 3.4 is globally asymptotically stable if
and only if
a
F 1.
1 q b
 .Now let us look at Eq. 1.2 . We will only consider the solutions of Eq.
 .1.2 with the following initial conditions
x t s f t for yt * F t - 0, where .  .
3.5 . w xt * s sup t t F `, f g C yt *, 0 , 0, ` and f 0 ) 0. . .  .t G 0
w x  .Observe that in the interval 0, t 9 , Eq. 1.2 reduces to a linear equation
whose solution is given by
f p s y t s . .t
x t s f 0 exp y r s ds .  .  .H p 51 q f s y t s . .0
f p u y t u . .t t
q r s exp yc r u du ds. .  .H H p 51 q f u y t u . .0 s
 .We find that x t exists and is positive throughout the interval 0 F t F t 9.
 .One can see by induction that x t exists and is positive for all t G 0.
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 .Clearly, Eq. 1.2 has a unique positive equilibrium K. Then by employ-
ing Theorem 1 and Lemma 1 we obtain the following global attractivity
result.
THEOREM 2. Assume that
`
r t dt s `. 3.6 .  .H
0
Suppose also that
pq1r q K .0
K q r 1 y c ) 0 3.7 .p0  51 q r q K .0
and
2p pK 1 q p q K p q 1 .  .2cr ? F 1 3.8 .  .0 2p 4 p1 q K .
where
t
r s sup r s ds: t y t t G 0 . .  .H0  5 .tyt t
 .Then e¨ery positi¨ e solution of Eq. 1.2 tends to K as t tends to `.
Proof. Set
cu u p u pq11 2
f t , u , u s r t 1 y , F u s r 1 y c , .  .  .1 2 0p p 5 51 q u 1 q u2
and L s 0. Clearly, if we show that the solution of the IVP
¡ pq1yn
y s K q r 1 y cnq1 0 p~  51 q y 3.9 .n¢y s K q r0 0
tends to the equilibrium K as n tends to `, then all the hypotheses of
Theorem 1 will be satisfied and the proof will be complete.
To this end, set
u pq1
h u s K q r 1 y c for u ) 0. . 0 p 51 q u
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1w . xThen, h g C 0, ` , R and
lim h u s K q r . . 0
uª0q
Observe that
u p p q 1 q u p .
h9 u s ycr . 0 2p1 q u .
and so
u p p q 1 q u p F p u p q 1 q F p u .  .  . .2h9 u h9 h u s cr . .  .  . . 0 22p p1 q u 1 q F u .  . .
3.10 .
We claim that
h9 u h9 h u - 1 for 0 - u - K . 3.11 .  .  . .
Set
s p p q 1 q s p .
g s s for s G 0 . 2p1 q s .
and observe that
ps py1 p q 1 q 1 y p s p . .
g 9 s s for s G 0. . 3p1 q s .
 .If p F 1, then g 9 s ) 0 for s ) 0. Hence for 0 - u - K,
K 2 q K .
g u - g K s .  . 21 q K .
and
g F u F g ` s 1. .  . .
 .  .Then it follows from 3.8 and 3.10 that
K 2 q K .2h9 u h9 h u - cr F 1 for 0 - u - K . .  .  . . 0 21 q K .
 .  .  ..1r pNow assume that p ) 1. Then g 9 s s 0 for s s p q 1 r p y 1 .
Observe that
g 0 s 0, g ` s 1, .  .
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 .  .  ..1r pand g s is increasing for 0 - s - p q 1 r p y 1 and decreasing
 .  ..1r pfor p q 1 r p y 1 - s - `. Then it follows that
21rpp q 1 p q 1 .
g s F g s . .  / /p y 1 4 p
 .Also as u F K F F u and either
1rp 1rpp q 1 p q 1
K ) or K F , /  /p y 1 p y 1
we find
2p pK 1 q p q K p q 1 .  .
g u g F u F . 3.12 .  .  . . 2p 4 p1 q K .
 .  .  .  .Thus it follows from 3.10 , 3.12 , and 3.8 that 3.11 holds. Hence by
 .Lemma 1, the solution of 3.9 tends to K as n tends to `. Therefore by
 .Theorem 1, every positive solution of Eq. 1.2 tends to K as t tends to `.
The proof is complete.
Observe that
2p pK 1 q p q K p q 1 .  .
F2p 4 p1 q K .
and so the following result is an immediate consequence of Theorem 2.
 .  .COROLLARY 3. Assume that 3.6 and 3.7 hold and that
2p q 1 .
cr ? F 1.0 4 p
 .  .Then e¨ery positi¨ e solution x t of Eq. 1.2 tends to K as t tends to `.
 .For Eq. 1.4 , we have the following result.
COROLLARY 4. Assume that K is the unique positi¨ e equilibrium of Eq.
 .1.4 and that
pq1K q at .
K q a y b t ) 0 3.13 .p 51 q K q at .
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and
2p pK 1 q p q K p q 1 .  .2bt F 1. . 2p 4 p1 q K .
 .Then e¨ery positi¨ e solution of Eq. 1.4 tends to K as t tends to `; in
 .particular, if 3.13 holds and
2p q 1 .
bt F 1 .
4 p
 .then e¨ery positi¨ e solution of Eq. 1.4 tends to K as t tends to `.
 .Next we will consider Eq. 1.5 . We will only consider the solutions of
 .Eq. 1.5 with the following initial conditions of the form
N t s f t for yt * F t F 0 where .  .
3.14 . w xf g C yt *, 0 , 0, ` and f 0 ) 0..  .
 .Since t t ) 0 for i s 1, 2, . . . , m and t G 0, it is not difficult to show as ini
w x  .  .1, pp. 10]11 that the solutions of 1.5 and 3.14 are defined for all t G 0
and that they remain positive for t G 0.
 m .1r p  .Clearly, Kr a is the unique positive equilibrium of Eq. 1.5 .is1 i
Then by employing Theorem 1 and Lemma 2, we establish the following
 .global attractivity result for Eq. 1.5 .
THEOREM 3. Assume that
` r t .
dt s ` 3.15 .H m1 q  s t .0 is1 i
and
pR0 F 1 3.16 .
1 q sra
where
m m
a s a , s s inf s t for t G 0 . i 0 i 5
is1 is1
and
t
R s sup r s ds for t y t t G 0 . .  .H0  5 .tyt t
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 .  .Then e¨ery positi¨ e solution N t of Eq. 1.5 tends to its positi¨ e equilibrium
 m .1r pN* s Kr a as t tends to `.is1 i
Proof. Set
N t s N*e x t . for t G 0. .
 .Then x t satisfies the equation
m a 1 y e p x tyt i t .. .is1 iy1x t s a r t . .  .˙ y1 m p x tyt  t .. 5i1 q a  s t e .is1 i
 .It suffices to show that x t tends to zero. To this end, set
m a 1 y e pui .is1 iy1f t , u , . . . , u s a r t .  .1 m y1 m pu 5i1 q a  s t e .is1 i
and
1 y e pu
F u s R . . 0 y1 pu 51 q a s e0
Then it is easy to see that all the hypotheses of Theorem 1 will be satisfied
provided the solution of the IVP
¡ p yn1 y e
y s Rnq1 0 y1 p y 5~ n1 q a s e 3.17 .0¢y s R0 0
p yn  .tends to zero as n tends to `. Set z s e . Then 3.17 becomesn
z s exp pR 1 y z r 1 q ay1s z . 4 . .nq1 0 n 0 n
. 3.18 .
pR 0z s e0
 .  4By Lemma 2 we see that under the hypothesis 3.16 , z tends to 1 and son
 4  .y tends to zero as n tends to `. Therefore x t tends to zero whichn
 .implies that N t tends to N* as t tends to `. The proof is complete.
 .  .When m s 1, a s 1, and t t ' t ) 0 is a constant, Eq. 1.5 reduces1 1
to
K y N p t y t .
N˙ t s r t N t , t G 0. 3.19 .  .  .  .p 5K q s t N t y t .  .1
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w xHence the following result, which has been established in 5 , is an
immediate consequence of Theorem 3.
COROLLARY 5. Assume that
` r t pR . 0
dt s ` and F 1H 1 q s t 1 q s .0 1 0
where
t
R s sup r s ds: t y t G 0 and s s inf s t : t G 0 . 4 .  .H0 0 1 5
tyt
 .  .Then e¨ery positi¨ e solution N t of Eq. 3.19 tends to the positi¨ e equilib-
rium K 1r p as t tends to `.
 .  .Remark 1. When t s 0, p s 1, r t ' r, and s t ' s are constants,1
 . w xEq. 3.19 was proposed by Smith 6 as an alternative to the logistic
equation for a ‘‘food-limited’’ population. The time-delayed, food-limited
 . w x w xmodel 3.19 has been studied by Gopalsamy et al. 3 and Grove et al. 5 .
 .Now consider another special case of Eq. 1.5 . When p s 1 and
 .  .s t ' 0 for i s 1, 2, . . . , m, Eq. 1.5 reduces toi
m a N t y t t . .is1 i i
N˙ t s r t N t 1 y , t G 0, 3.20 .  .  .  . 5K
and so we have the following consequence of Theorem 3.
COROLLARY 6. Assume that
`
r t dt s ` and R F 1 3.21 .  .H 0
0
where
t
R s sup r s ds . .H0  5 .tyt t
 .Then e¨ery positi¨ e solution of Eq. 3.20 tends to the positi¨ e equilibrium
krm a as t tends to `.is1 i
 .Equation 3.20 is well known as a nonautonomous delay logistic equa-
tion. The qualitative behavior of this equation has been studied exten-
 w x.sively. It has been shown see 2, p. 57 that for the special case of Eq.
 .3.20 ,
a N t y t q a N t y t .  .1 1 2 2
N˙ t s rN t 1 y , t G 0, 3.22 .  .  . 5K
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where
r , a , a , t , t g 0, ` .1 2 1 2
if
r t q t exp r t q t - 1, 3.23 .  .  .1 2 1 2
 .then every positive solution of Eq. 3.22 tends to the positive equilibrium
 .Kr a q a as t tends to `. However, in this special case, our condition1 2
 .3.21 reduces to
 4r max t , t F 11 2
 .which clearly is an improvement over 3.23 .
 .For the special case of Eq. 3.20 ,
N t y t t . .
N˙ t s rN t 1 y , 3.24 .  .  . 5K
 w x.it has been shown see 2, p. 65 that if
rt ert 0 ert 0 e
rt 0 - 1 3.25 .0
  . 4  .where t s sup t t : t G 0 , then every positive solution of Eq. 3.240
tends to K as t tends to `. However, in this special case, our condition
 .3.21 reduces to
rt F 10
 .which is an improvement of 3.25 .
Finally, we will apply our results to the delay differential equation
2y t s yr t y t y t t 1 y y t , t G t , 3.26 .  .  .  .  . .˙ 0
where
r , t g C t , ` , 0, ` and lim t y t t s `,.  .  .0
tª`
with an initial condition of the form
y t s f t for yt * F t F 0 where .  .
3.27 . w xf g C yt *, 0 , R and f 0 - 1. .
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 .  .It is not difficult to show that the solution of 3.26 and 3.27 exists for all
 .t G 0 and satisfies the condition y1 - y t - 1. Set
e2 x t . y 1
y t s , t G 0. . 2 x t .e q 1
 .Then Eq. 3.26 reduces to
1 y e2 x tyt  t ..
x t s r t , t G 0, 3.28 .  .  .˙ 2 x tyt  t .. 51 q e
and so we have the following result.
THEOREM 4. Assume that
`
r t dt s ` and R F 1 3.29 .  .H 0
0
where
t
R s sup r s ds: t y t t G 0 . .  .H0  5 .tyt t
 .  .Then e¨ery solution of 3.26 and 3.27 tends to zero as n tends to `.
Proof. Set
1 y e2 u 1 y e2 u
f t , u s r t and F u s R .  .  . 02 u 2 u 5  51 q e 1 q e
Then by an argument similar to that in Theorem 3, we see that under the
 .hypothesis 3.29 the solution of the IVP
¡ 2 yn1 y e
y s Rnq1 0 2 y~  5n 3.30 .1 q e¢y s R0 0
tends to zero. Hence it is easy to see that all the hypotheses of Theorem 1
 .are satisfied and so every solution of 3.28 tends to zero. Therefore, every
 .  .solution of 3.26 and 3.27 tends to zero as t tends to `. The proof is
complete.
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